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ABSTRACT

COM:-Poisson Process is the generalization of Poisson Process. COM-Poisson Thomas process
is a generalization of Thomas distribution. COM-Poisson Thomas Process is a compound COM-
Poisson process with compounding shifted Poisson distribution. In this paper, some mathematical
models like Traffic accidents and fatalities model, shock model, natural disaster model, game
model and system reliability models using COM-Poisson Thomas Process are framed.
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1 Introduction

The COM-Poisson distribution was proposed by Conway and Maxwell(1962). He used it to model
gueuing systems with state-dependent service times. Shmueli et al (2005) revived the COM-Poisson
distribution and showed that this distribution is best suited for over and under dispersed data. Ini-
tially, this distribution is used to model the number of purchases by customers at an online gro-
cery store, where the data showed different levels of dispersion for different product categories.
The original development started from the point of allowing the ratio of consecutive probabilities
P (U= u 1)/P (U = u) to be more flexible than a linear function of u, as dictated by a Poisson
distribution.

The COM-Poisson distribution is a two-parameter generalization of the Poisson distribution. It also
generalizes the Bernoulli and geometric distributions and it belongs to the exponential family and to
the two parameter power series distribution family.

In 2018, Priyadharshini et al derived the COM-Poisson Process and the mathematical models using
COM-Poisson Process are derived.

In 2019, Priyadharshini et al introduced a COM-Poisson Thomas distribution, which is a compound
COM-Poisson distribution with compounding shifted Poisson distribution.

In this paper, some mathematical models like Traffic accidents and fatalities model, shock model, nat-
ural disaster model, game model and system reliability models using COM-Poisson Thomas Process
are framed.

This paper is organised as follows: In section 2, COM-Poisson Thomas Process is studied and some
of the properties of COM-Poisson Thomas process are derived. All the mathematical models are
derived in section 3. Conclusion is given in Section 4.
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2 COM-Poisson Thomas Process

The COM-Poisson Thomas process is compound COM-Poisson process with compounding shifted
Poisson distribution.
Then, the COM-Poisson Thomas process is derived by assuming the following.

(i) X follows shifted Poisson distribution with parameter . (ie).,
X ~ Shifted Poisson(y)
(i) Y (t) follows COM-Poisson process with parameters u and y. (ie).,

Y (t) ~ COM — Poisson(y, y)
N(t) =X1+X2 +... +Xy(t)
The random variable N(t) formed by compounding these two random variables X and Y (t) gives the

COM-Poisson Thomas process with parameters u >0,y = 0and ¢ > 0.
It is denoted by N(t) ~ CPTP (i, v, Y).

2.1 Definition
A counting process{ N(t), t > 0}is said to be a COM-Poisson Thomas process with parameters
u, y and ¢ if
(i) it starts at zero, N(0) = 0.

(i) N(t) is a process with independent increments.

(ii) for each t > 0, the number of arrivals N(t) in any interval of length t is COM-Poisson Thomas
distributed with parameters y, y and ¢

1
P(N(t)=n) = : Z([.lt, y) nfor n=0

—Y_i n—j
1 X (ute ) (i) for n=1,2,...
Z(ut, y) j=1  (GHY(n —j)!

(2.1)

2.2 Properties
2.2.1 Inter-arrival Time

Let yv (1), t & fgllows COM-Poisson Thomas Process, and let X be the random variable repre-
senting the interval between two successive occurrences of N (t), & P andletPyr X< ¥ =G(x)
be its distribution function.

Let us denote two successive events by A; and A;+1 and assume that A; occured at the instant ¢,
Then

Prix > x} = Pr{Ai+1did not occur in (t, ti+1) given that A; occured at the instant t;}
= Pr{Af+1did not occur in (t;, ti+1)/N(t) = i}
= Pr{no occurrences takes place in an interval (t, t+1) of length x/N(t;) = i}
1

= Pr{N (x) = O/N(t;) = i} = po(x) = 0]

S X >
Z(px, y)
Since i is arbitrary, the interval X between any two successive occurrences becomes,
1

Gl =PriX =x}=1-PriX>xt=1— 0y~

> 0.

The density function is

g(u) = G'(u) = Z(ux, y) >0

[Z(ux, v)1Z
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2.2.2 Conditional distribution of the arrival times

Assume that exactly one event of a COM-Poisson Thomas process has taken place by time t, and let
us determine the distribution of the time at which the event occured.
Fors<t,

P{Xi<s N(t)=1}

P{x, <s/N(t)=1} =

P{N(t) =1}
_ P{1 eventin [0,s), 0 events in [s,t)}
P{N(t) = 1}
_ P{1 eventin [0,s)}P{0 events in [s,t)}
P{N(t) =1}
use=¥ 1
_ Zlus, y) Z(u(t — s), y)
ute?
Z(ut, y)
s Z(ut, y)

t Z(us, y)Z(u(t — s), )
Proof of generalization

Let Uy, Uy ..., U, be n random variables. Uy, U, ..., Uiy are the order statistics corresponding
to Ui, Uz, ..., Un if U is the k™ smallest value among Ui, Ua, ..., Un, k = 1,2,...,n. If the U/s are

independent identically distributed continuous random variables with probability density g, then the
joint density of the order statistics U(1), U(2), ..., U(n) is given by

\'d
g(Uy, Uy, ..., U,) = n! gU), Ui<U<..<U,
i=1
The above follows since
(i) Uy U@y, ..., Uy will equal (us, uy, ..., up) if (Uy, U, ..., Uy) is equal to any of the n! permutations
of (uy, uy, ..., up) and
(ii) the probability density that (Ui, Uy, ..., U) is equal to ui, ui,, ..., i, is g(ui)g(us)...g(ui,) =
Q
i=
Let 4, V>, ..., V, be n arrival times have the same distribution as the order statistics corresponding to
n independent random variables.
To determine the conditional density function of V4, V>, ..., V, given that N(t) =n. Let0 < t1 <t <
... <tp,+1 =tand let h; be small enough sothat t;+ h; < ti+1,i=1,2,...n.
Now,
P{t,‘ <=VvVi=t+h,i=1,2,..., n/N(t) = n} =
P{ exactly 1 eventin [t,t;+ h],i=1,2,...n, no events elsewhere in [0, t]}
P{N(t) = n}
uhie ¥  phye? uhne=* 1
Luhy, v) Z(wha, v)  Z(uhe, ) Z(uft = hy — hy — ... = hn, )
1 = (ute ) (iY)
Z(ut, ¥) j=1  (j1)¥(n — j)!
= - (/J
E— e n—i
1 2 (ute ) (iY)
Z(pt,y) =1 (Y (n —j)!

g(u;) when (ui, us, ..., u;,) is @ permutation of (uy, uy, ..., un)

Z(ut, y)
Z(phy, v)Z(h 3 v)...2Z(B0 o, ) Z(u(t — h1 —h2 — ... —h n, V)

hih;...h,
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Hence
P{ti < Vi<t +hh,-l,7/jh1,..., n/N(t) = n} _ e X
12 n 1 X (ute ) (jy)
Z(pt, y) =1 (jHY¥(n —j)!
Z(ut, y)
Z(uh, y)...2(uhn, Y)Z(u(t — h1 — ha — ... — hn, y)

and by taking the h; — 0, we obtain that the conditional density of V4, V3, ..., V, given that N(t) = n is
une—m/J

1 2 (ute VO
Z(ut, ) j=1 () (n —j)!

g(ty, ta, ..., ty) = ., O<ti<tr<..<th

3 Mathematical Models

3.1 Shock Model
Assumptions
(i) Suppose that a device is subjected to shocks that occur in accordance with a COM-Poisson

u(1 + )z, (ut, v)
Z(ut, y)
(i) The i*" shock gives a damage D.. The D, i = 1, are assumed to be independent and identically

distributed and also to be independent off N (t), t>0 } where N (t) denotes the number of
shocks in [0, t].

Thomas process having rate

(iii) The damage due to a shock is assumed to decrease exponentially in time. That is, if a shock
has an initial damage D, then a time t later its damage is De*.

(iv) Assume that the damages are additive, the damage at time t, D(t) can be expressed as

D(t) =" D ott=v)
i=1

where v; represent the arrival time of the i shock.

To determine E[D(t)] as follows:

ﬁ(t) —a(t—vi .
E[D(t)/N(t) = n] = E-— D~ ™“I/N(t)=n
i=1
IIZ #
=F Die—C=v) /N(t) = n
i=1
= h i
=" E Die—v)/N(t)=n
i=1
- h i

=" E[D/N(t)=n]E e “tVd/N(t)=n
i=1
> h i
= E[D] . E etV /N(t) = n

1] #

“n
= E[D]e °E e?’/N(t) =n
i=1
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Taking Uy, ..., U, be independent and identically distributed random variables, then
mn # mn #

n “n
E ~ eV/N({t)=n =E = gy
i=1 i=1
< # It
=" n
=F poUs  — e¥dx= (e _ 1)
t at

i=1
_E[N@®]
at
v+ P)Zu(ut, v)E[D],1
atZ(ut, y)

Hence, E[D(t)/N(t) = n] (1 _ e E[D]

e—at)

E[D(t)] =

3.2 Natural Disaster Model
Assumptions

(i) Assume that the occurrences of natural disasters follow a COM-Poisson Thomas process with
parameters u, y and .

(i) Suppose that the time it takes to recover and rebuild after the n* disaster is X,, assume
that Xy, X, ... are independent random variables having common distribution functions G(x) =

P(X < x).
(iii) Let Y« is time to receive the k" disaster.
(iv) There are Nr disasters uptotime T.

The probability that everything is back to normal at time T is,

= g
Promax{y, mx}<T P MX{y4x}<T|Nr=n P(Nr=n)
<i<Nr _ =0 l<j=ng
=" P max . . _
1sisNr{Y'+X'}<T | Nt =n X
n=0
n e Nni
=1 (uTe=*Y ()"~
Z(ut, y) -1 Gn =)
=
= P(Yi+X1<T,.... Yo+ Xn<T | Nr =n)X
n=0
n g
=1 (HTe Y (jY)"~
Z(uT, y) =1 ()Y (n —j)!
o > n oy y
=" nlp (U+X,<T,..,U,+X,<T) Z( ;]-__) (IJT‘E )j(/l,b)
n=0 KT V) G (n —))!
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where Uy, U>, ..., U, are independent and identically distributed on (0,T]

= Jr Lo
=n=0n!' i P(Ui+X1<T|Ui=u) TEU. %
>1 " uretyyg)
ZWT V) Ly (in—))!
s T 1 "

=0 P(X1<T—u|U1=u)THu' X

=1 " wreyyy)~
ZWT V) iy e =)

w7 T = e W)
= PUG<T—w) it ZuT,y) D UL
n= 0 =1
£ 0 T
" G(T - u)du’
1 ! = )
Z(uT, y) — DV (71—
_ = (uTap ' h U4

T = j=

1 (uTe=*Y ()"~
(1) (n = )1

. Z(uT, . . .
The average time to recé(fer g%d rebuild from the natural disaster before T is E ) max {Y; + X;}

Suppose t =T,
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max {vi P max {Yi+Xi}<t|Nr=n P(Nt =n)
= 1- _ u
+X}<t ZuTy)
_ t—T

<i=Nrt <i<Nrt

i

n=0
=5} J't 5 n
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Clearly,P max
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<i<Nrt

PAGE NO: 35



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 36



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 37



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 38



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 39



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 40



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 41



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 42



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 43



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 44



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE NO: 45



OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

{Yi+Xi}<t =0
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n=0

fort<T
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g42)
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g U ) .
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E max
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{Yi+Xi} = P
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max
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{Y;+Xi}> t
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max fy,+ x;} >t dt

[= = "n

<
= WTreYye)".
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This can also be used as a model for insurance claims. Y, is the time for the insurance company to
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receive the k™ claim and X is the time the insurance company takes to settle the claim.
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3.3 Game Model
Assumptions
(i) Suppose team A and team B are engaging in a sport competition.

(i) The points scored by team A follows a COM-Poisson Thomas process X; with parameters A,
y1 and 1 and the points scored by team B follows a COM-Poisson Thomas process Y: with
parameters y, y2 and ¢».

(iii) Assume that the points scored by team A and the points scored by team B are independent.
(ie)., X: and Y; are independent.

(iv) Let T be the duration of the competition.
The probability of game ties is

=
P(Gameties)=P(Xr =Yr)=  P(Xr =k, Yr = k)
k=1

_= 1 T E (e Y i)
ZAL y1)Z(t v2) (Lo g (OYa(k — )
E (ute—v2y (jga)~
so1 G0k =)

The probability of A wins is

. b2
P(AWlnS)=P(XT>YT)= P(XT=k+/,YT=k)
k=0 /=0
_= == Btevry (jynyti

ZAt v)Z(ut v2) (g ng =1 GOk +T— ) x

E (ute=2Y (i)~
jor GOk =)

The probability of B wins is

. ==
P(BWlnS)=P(YT>XT)= P(YT=k+I,XT=k)
k=0 I1=0

_= 1 ®I® L E (Ate Y (i)
ZALyZWt va) o0 j=1 GOk =)
= (ute=V (jpa)
=1 GOk +1—j)!

3.4 System reliability model using shock model approach

All the assumptions are same as in chapter 2.
The release time of the system is
)
W = Xo + (Xi +Yi)
i=1
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where X, is test phase time before the first fault direction.
The expected release time of the system is

K1 K2
E(W)=pg P(N(t)=0)+ (¢ +p )+ s b
K1 M2 251 M2

+ Oty et Tl e P(N(t) = k)

Model 1

Let the test phase time of the system X; follows exponential distribution with parameter A, the fault
removal time Y; follows exponential distribution with parameter B and the number of faults detections
N(t) follows COM-Poisson Thomas process with parameters y, y, ¢ where

1

E(X1)=A—,A>O

1
E(Y1)=§,B>O

u@ + )z, (ut, y)

FIN 0] = Z(ut, y)
Then . . >
1 1 1 = wWee IV (j)k—~ (Z 1 1
E(W) = . . o aaitt Bpit ,k=0,1,2,...
AZuty)  Zuty) GNY(k — j)! !
Model 2

Let the testing phase of the system X; follows exponential distribution with parameter A, the fault
removal time Y; follows Weibull distribution with parameter B, 8 and the number of faults detections
N(t) follows COM-Poisson Thomas process with parameters , y, . where

1

E(XX1)= 5 A>0

1

ud + )z, (ut, y)

E[N(1)] =
Z(ut, y)
Then
S T o L [ P '
S e
E(W) = ! +'2'. -}1 +% ' o
AZ(ut, y) . Ad' b Z(ut, ¥) ;=g (Y (k =)
i=1
k=0,1,2,...
Model 3

Let the testing phase of the system X; follows Weibull distribution with parameter A, «, the fault re-
moval time Y1 follows exponential distribution with parameter B, 8 and the number of faults detections
\/’\/Vﬁgpé)ws COM-Poisson Thomas process with parameter y, y and ¢.

1
E(X ) =AT +1 ,A>0
1

a
1
E(Y1) = B B >0
EIN(1)] = u@ + P)Z,.(ut, y)
Z(ut, y)
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Then

o . _
AF = +1 — s . .
-1 X « 1 ... 1 Zpite it

+ - . a1 + H -n
Z(uty) a1 Bb-1 Z(pty) g GV (k — )

1
E(W)=Al —+1
@ i=1

Model 4
Let the test phase of the system X; follows Weibull distribution with parameter A, a, the fault removal

time Y, follows Weibull distribution with parameter B, 8 and the number of faults detections N follows
COM-Poisson Thomas process with parameters y, y and .

where
1
E(X ) =AT a+1 LA>0
1
E(Y1) = % B >0
u(d + )z, (ut, y)
E[N(2)] =
Z(ut, y)
Then
1 1
Al +1 Br +1
o Z(ugy) = - a-l bi-1
1 +° 7 + X
E(W) =Al +1 . 1. i=13% thje_/¢ (jlp)k_J
Z(ut,y) =L (v (k — j)!
Expected Total Cost
Cost Model 1
Let the test phase time X; follows exponential distribution with parameter A. Then
1
E(X1) = rA>0
= 1 L ey
E1(TC)=C1 Htle 2 (i)~ .

g AdTt Z(ut, y) =1 UNY(k—))!

Let the fault removal time Y; follows exponential distribution with parameter B. Then

1
E(Y1)= = B >0
7z = '
1 1 1 ST WA ;
ithe—iY¥ k—j
E>(TC) = Co wte v (jy)

=LBbit o Ziut, v) Z(ut v) TN ik — )1

Then the expected total cost is,

B > 1 . 1 1 b “jtje—ﬂ# U‘_p)k—f
E(TC) =C1 _ AdTl Zut,y) Z(ut, y) Gk — j)!
=1
> 1 . 1 b3 ujtje—ﬂ# Ull;)k—f

+C2 21 g1 Z(ut, ) 1 Uk =
+ C3(1 + ct)e*M
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Cost Model 2
Let the test phase time X: follows exponential distribution with parameter A. Then
1
E(X1) = Vg A>0 .
x 1 = :
EL(TC) = C: wtie 1Y (jy)k—

1 . .
_ Ad Z(ut, y) =1 Uk =)
Let the fault removal time Y; follows Weibull distribution with parameter B, 8. Then

1
E(Y1) = BT —6+1 ,B>0
Br =+1 ————— :
ﬁ_ 8 .. 1 z—p;ﬂe#w@—

Ex(TC) = & b=t Zut, y) oy (i)Y (k — )

i=1
Then the expected total cost is,

1 . 1 = witie=i¥ (j)k—i

i—1 ; ;
1 Aa’. 2utv) Gk — )]

1 -
ﬁ ) Br 3+1 .. 1 2( uftfe—fw (ﬂp)K—j .
b=l Zut, y) oy ()Y (k — )

E(TC) =C1

+ Co
i=1
+ C3(1 + ct)e ‘M

Cost Model 3
Let the test phase time X follows exponential distribution with parameter A, «. Then

1
E(X ) =AT _a+1 LA >0;

Al =41 — .
-2 a1 Dty

El(TC) = Cl ai_l ' Z(Ht/ V) j= (]')V(k _—I)'

i=1

Let the fault removal time Y; follows exponential distribution with parameter B. Then

1
E(Y1) = B :T_> 0 '
1 1 itie=iV (ju)k—i
Ex(TC) =C2 Bbi-1 - pee 0o
i=1 Zut,y) T vk — )1
Then the expected total cost is,
ar L — |
frO) > 1 S ey
=C1 cooatt T Zut ) Ly (k- )]
i=1
> 1 = e ¥ (jy)ki

+C2 =1 Bpi-1 Z(ut, y) _ W.
+ C3(1 + ct)e— ‘M
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Cost Model 4
Let the test phase time X follows Weibull distribution with parameter A, a. Then

1
E(X )=ATl +1 ,A>0;

1 a,

Al 41 ——— :
ﬁ_ a . 1 Z(WWJ(;}_.

Ei(TC) = C1 ai-1 T Z(ut, y) =1 Uk =)

i=1
Let the fault removal time Y; follows Weibull distribution with parameter B, 8. Then

1
E(Y )=Br +1 ,B>0
1

6,
Br ~+1 ——————— '
> 6 .. 1 ety
Ex(TC) = & BT E— . o
N bi-1 Z(pt, v) oy (DY (k — )
i
Then the expected total cost is,
1 .
> AT T+l H gtk
E(TC) =C1 " e o1 '
C T Zub ) L ik — )
=1
gr 1o T—m— '
=" 6 .1 Fpheigyro

+ C i -
2 pi-1 Z(ut, y) j=1 GHY(k —j)!
i=1

+ C3(1 + ct)e*M

4 Conclusion

In this paper, COM-Poisson Thomas process is studied and its properties are discussed. Traffic ac-
cidents and fatalities model, shock model, natural disaster model, game model and system reliability
models are framed.
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