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ABSTRACT 

COM-Poisson Process is the generalization of Poisson Process. COM-Poisson Thomas process 
is a generalization of Thomas distribution. COM-Poisson Thomas Process is a compound COM- 

Poisson process with compounding shifted Poisson distribution. In this paper, some mathematical 
models like Traffic accidents and fatalities model, shock model, natural disaster model, game 
model and system reliability models using COM-Poisson Thomas Process are framed. 
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1 Introduction 

 
The COM-Poisson distribution was proposed by Conway and Maxwell(1962). He used it to model 

queuing systems with state-dependent service times. Shmueli et al (2005) revived the COM-Poisson 

distribution and showed that this distribution is best suited for over and under dispersed data. Ini- 

tially, this distribution is used to model the number of purchases by customers at an online gro- 

cery store, where the data showed different levels of dispersion for different product categories. 

The original development started from the point of allowing the ratio of consecutive probabilities 

P (U = u 1)/P (U = u) to be more flexible than a linear function of u, as dictated by a Poisson 

distribution. 

The COM-Poisson distribution is a two-parameter generalization of the Poisson distribution. It also 

generalizes the Bernoulli and geometric distributions and it belongs to the exponential family and to 

the two parameter power series distribution family. 

In 2018, Priyadharshini et al derived the COM-Poisson Process and the mathematical models using 

COM-Poisson Process are derived. 

In 2019, Priyadharshini et al introduced a COM-Poisson Thomas distribution, which is a compound 

COM-Poisson distribution with compounding shifted Poisson distribution. 

In this paper, some mathematical models like Traffic accidents and fatalities model, shock model, nat- 

ural disaster model, game model and system reliability models using COM-Poisson Thomas Process 

are framed. 

This paper is organised as follows: In section 2, COM-Poisson Thomas Process is studied and some 

of the properties of COM-Poisson Thomas process are derived. All the mathematical models are 

derived in section 3. Conclusion is given in Section 4. 
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2 COM-Poisson Thomas Process 
 
The COM-Poisson Thomas process is compound COM-Poisson process with compounding shifted 

Poisson distribution. 

Then, the COM-Poisson Thomas process is derived by assuming the following. 

(i) X follows shifted Poisson distribution with parameter ψ. (ie)., 

X ∼ Shifted Poisson(ψ) 

(ii) Y (t) follows COM-Poisson process with parameters µ and γ. (ie)., 

Y (t) ∼ COM − Poisson(µ, γ) 

N (t) = X1 + X2 + ... + XY (t) 

The random variable N (t) formed by compounding these two random variables X and Y (t) gives the 

COM-Poisson Thomas process with parameters µ > 0, γ ≥ 0 and ψ > 0. 

It is denoted by N (t) ∼ CPTP (µ, γ, ψ). 

2.1 Definition 

A counting process   N (t), t 0 is said to be a COM-Poisson Thomas process with parameters 

µ, γ and ψ if 

(i) it starts at zero, N(0) = 0. 

(ii) N (t) is a process with independent increments. 

(iii) for each t > 0, the number of arrivals N (t) in any interval of length t is COM-Poisson Thomas 

distributed with parameters µ, γ and ψ 

  1  
Z(µt, γ) 

 

for n = 0 
P (N (t) = n) =     n −ψ j n−j (2.1) 

1 Σ (µte ) (jψ) for n = 1, 2, ... 

 

2.2 Properties 

2.2.1 Inter-arrival Time 

Z(µt, γ) j=1 (j!)γ (n − j)! 

Let N (t), t 0 follows COM-Poisson Thomas Process, and let X be the random variable repre- 

senting the interval between two successive occurrences of   N (t), t      0   and let Pr  X      x    = G(x) 

be its distribution function. 

Let us denote two successive events by Ai and Ai+1 and assume that Ai occured at the instant ti. 

Then 

Pr{X > x} = Pr{Ai+1did not occur in (ti, ti+1) given that Ai occured at the instant ti} 

= Pr{Ai+1did not occur in (ti, ti+1)/N (ti) = i} 

= Pr{no occurrences takes place in an interval (ti, ti+1) of length x/N (ti) = i} 
1 

= Pr{N (x) = 0/N (ti) = i} = p0(x) = 
Z(µx, γ) 

, x > 0 

Since i is arbitrary, the interval X between any two successive occurrences becomes, 

1 

G(x) = Pr{X ≤ x} = 1 − Pr{X > x} = 1 − 
Z(µx, γ) 

, x > 0. 

The density function is 

g(u) = GJ(u) = 
Zx(µx, γ) 

, x > 0 

[Z(µx, γ)]2 

OEIL RESEARCH JOURNAL (ISSN NO:0029-862X) VOLUME 20 ISSUE 2 2022

PAGE N0: 28



 

 

}

Y

1 2 2 

i=1 

2.2.2 Conditional distribution of the arrival times 

Assume that exactly one event of a COM-Poisson Thomas process has taken place by time t, and let 

us determine the distribution of the time at which the event occured. 

For s < t, 

P {X1 < s/N (t) = 1  = 
P {X1 < s, N (t) = 1} 

P {N (t) = 1} 

= 
P {1 event in [0,s), 0 events in [s,t)} 

P {N (t) = 1} 

= 
P {1 event in [0,s)}P {0 events in [s,t)} 

P {N (t) = 1} 

µse−ψ 1 

=  
Z(µs, γ) Z(µ(t − s), γ) 

µte−ψ 

Z(µt, γ) 

s Z(µt, γ) 
= 

 

Proof of generalization 

t Z(µs, γ)Z(µ(t − s), γ) 

 

Let U1, U2, ..., Un be n random variables. U(1), U(2), ..., U(n) are the order statistics corresponding 

to U1, U2, ..., Un  if U(k)  is the kth  smallest value among U1, U2, ..., Un,  k  =  1, 2, ..., n.  If the Ui
Js  are 

independent identically distributed continuous random variables with probability density g, then the 
joint density of the order statistics U(1), U(2), ..., U(n) is given by 

n 

g(U1, U2, ..., Un) = n! g(Ui), U1 < U2 < ... < Un 

i=1 

The above follows since 

(i) U(1), U(2), ..., U(n) will equal (u1, u2, ..., un) if (U1, U2, ..., Un) is equal to any of the n! permutations 
of (u1, u2, ..., un) and 

(ii) the probability density that (U1, U2, ..., Un) is equal to ui1 , ui2 , ..., uin  is g(ui1 )g(ui2 )...g(uin )  = 

Qn 
 

Let V1, V2, ..., Vn be n arrival times have the same distribution as the order statistics corresponding to 

n independent random variables. 

To determine the conditional density function of V1, V2, ..., Vn given that N (t) = n. Let 0 < t1 < t2 < 

... < tn+1 = t and let hi be small enough so that ti + hi < ti+1, i = 1, 2, ...n. 

Now, 

P {ti ≤ Vi ≤ ti + hi,i = 1, 2, ..., n/N (t) = n} = 

P { exactly 1 event in [ti, ti + hi], i = 1, 2, ...n, no events elsewhere in [0, t]} 

P {N (t) = n} 

µh1e−ψ µh2e−ψ 
 
... µhne−ψ 1 

 

 

=  
Z(µh1, γ) Z(µh2, γ) Z(µhn, γ) Z(µ(t − h1 − h2 − ... − hn, γ) 

     n −ψ j n−j 

1 Σ (µte ) (jψ) 

Z(µt, γ) j=1 

µne−nψ 

(j!)γ (n − j)! 

= 
n −ψ  j n−j 

×
 

1 Σ (µte ) (jψ) 

Z(µt, γ) j=1 (j!)γ (n − j)!  
Z(µt, γ) 

Z(µh , γ)Z(µh , γ)...Z(µh , γ)Z(µ(t − h — h − ... − h , γ) 
h1h2...hn 

g(ui) when (ui1 , ui2 , ..., uin ) is a permutation of (u1, u2, ..., un) 

n 1 n
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n
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Σ

e−a(t−vi)/N (t) = n 

Hence 

P {ti ≤ Vi ≤ ti + hi, i = 1, ..., n/N (t) = n} 
 

µne−nψ 

h h ...h 
= 

n −ψ  j n−j 
×

 
1  2 n 1 Σ (µte ) (jψ) 

Z(µt, γ) j=1 (j!)γ (n − j)! 

Z(µt, γ) 

Z(µh1, γ)...Z(µhn, γ)Z(µ(t − h1 − h2 − ... − hn, γ) 

and by taking the hi → 0, we obtain that the conditional density of V1, V2, ..., Vn given that N (t) = n is 

µne−nψ 
g(t1, t2, ..., tn) =       −ψ  j n−j 

, 0 < t1 < t2 < ... < tn 
 

1 Σ (µte ) (jψ) 

 

 

3 Mathematical Models 

3.1 Shock Model 

Assumptions 

Z(µt, γ) j=1 (j!)γ (n − j)! 

(i) Suppose that a device is subjected to shocks that occur in accordance with a COM-Poisson 

Thomas process having rate
 µ(1 + ψ)Zµ(µt, γ)

. 
Z(µt, γ) 

(ii) The ith shock gives a damage Di. The Di, i = 1, are assumed to be independent and identically 

distributed and also to be independent of N (t), t 0 , where N (t) denotes the number of 

shocks in [0, t]. 

(iii) The damage due to a shock is assumed to decrease exponentially in time. That is, if a shock 

has an initial damage D, then a time t later its damage is De−at. 

(iv) Assume that the damages are additive, the damage at time t, D(t) can be expressed as 
 

N (t) 

D(t) = Die
−a(t−vi) 

i=1 

where vi represent the arrival time of the ith shock. 

To determine E[D(t)] as follows: 
 

N (t) 

E[D(t)/N (t) = n] = E 
i=1 

"
Σn

 

Die−a(t−vi)/N (t) = n



 

# 

= E 
 

n 

= 

i=1 

Σ 

 

 

 
i=1 

E 
h 

Die−a(t−vi)/N (t) = n 

Die−a(t−vi)/N (t) = n
i
 

h i 

 

= E[D] 

Σ

i=1 
E 

h
e−a(t−vi)/N (t) = n

i
 

 

= E[D]e−atE 

n 

i=1 

eavi/N (t) = n

#

 

i=1 

n

n

= E [Di/N (t) = n] E 
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∫

− 

− 

 

1

 

Σ 

   Σ
+ X } < T

  = 

 

1

 

 

1

 

Σ   

Σ 

Σ   

Σ
n!P (U + X  < T, ..., U  + X  < T ) 

− 

Σ

Taking U1, ..., Un be independent and identically distributed random variables, then 
 

n 

E 

i=1 

eavi/N (t) = n

# 

= E 

 

n 

 

i=1 

eaU(i) 

#

 

n 

= E 

i=1 

eaUi 

# 

= 

t 
n 

eaxdx = 
t 

0 

 
(eat 1) 

at 

Hence, E [D(t)/N (t) = n] = 
E[N (t)]

(1 e−at)E[D] 
at 

E [D(t)] = 
µ(1 + ψ)Zµ(µt, γ)E[D]

(1 e−at) 
atZ(µt, γ) 

 

3.2 Natural Disaster Model 

Assumptions 

(i) Assume that the occurrences of natural disasters follow a COM-Poisson Thomas process with 

parameters µ, γ and ψ. 

(ii) Suppose that the time it takes to recover and rebuild after the nth disaster is Xn, assume 
that X1, X2, ... are independent random variables having common distribution functions G(x) = 

P (X ≤ x). 

(iii) Let Yk is time to receive the kth disaster. 

(iv) There are NT disasters up to time T. 

The probability that everything is back to normal at time T is, 
 

P max 
≤i≤NT 

 

{Yi 

∞ 

i 

n=0 
∞ 

= 

n=0 

 
P max 

≤i≤NT 

 
P max 

≤i≤NT 

 

{Yi 

 

{Yi 

 

+ Xi} < T | NT 

 

+ Xi} < T | NT 

= n

 

P (NT 

= n

  

× 

 
= n) 

n 

1  

Z(µt, γ) 
j=1 

∞ 

(µT e−ψ)j(jψ)n−j 

(j!)γ (n − j)! 

= P (Y1 + X1 < T, ..., Yn + Xn < T | NT = n) × 
n=0 

n 

1  

Z(µT, γ) 
j=1 

(µT e−ψ)j(jψ)n−j 

(j!)γ (n − j)! 
 

 

= 

n=0 

n 

1  
1 1 n n Z(µT, γ) 

j=1 

(µT e−ψ)j(jψ)n−j 

(j!)γ (n − j)! 

∞ 

n
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Σ   

∞

Σ   

∞

Σ   

Σ 

 

Σ

Σ 

− 

 

1

 

 

1

 

1 1 ) (jψ) 
P (X1 < T − u) 

T 
du 

Σ

 

 

µ 

− 

where U1, U2, ..., Un are independent and identically distributed on (0,T] 
 

P max 
1≤i≤NT 

 

{Yi + Xi} < T 

 
= 

n=0 

Σ 

 
n! [P (U1 + X1 < T )]n 


∫T

 

 
n 

1  

Z(µt, γ) 
j=1 

 
1 

 
 

(µT e−ψ)j(jψ)n−j 

(j!)γ (n − j)! 

n 

= 
n=0 

n! 

0 

P (U1 + X1 < T | U1 = u) 
T 

du  × 

n 

1  

Z(µT, γ) 
j=1 

Σ 

∫T

 

(µT e−ψ)j(jψ)n−j 

(j!)γ (n − j)! 

n 
1 

 = 
n=0 0 P (X1 < T − u | U1 = u) 

T 
du  × 

n 

1  

Z(µT, γ) 
j=1 

Σ 

∫T

 

 

  

(µT e−ψ)j(jψ)n−j 

(j!)γ (n − j)! 

n     
Σn

 

 

 

 

 

 

 

−ψ j 

 

 

n−j 

∞  
∫T

 

 
 

n 
n       

 

 

1 

= 

T 
n=0 0 

G (T − u) du 

1 
Z(µT, γ) 

(µT e−ψ)j(jψ)n−j (j!)γ (n j)! 
j=1 

     ∞ 

 
∫T 

n  
n        

1 

= 

Z(µT, γ) 

n

Σ

=0 

   

0 G (z) dz 

(µT e−ψ)j(jψ)n−j 
(j!)γ (n j)! 

j=1 

The average time to recover and rebuild from the natural disaster before T is E

 

1 
max {Yi + Xi}

 

 

Suppose t ≥ T , 
≤i≤NT 

Z(µT, γ) 
0 n=0 

∞

∞

(µTe 
=  

j=1 
(j!)γ (n − j)! 
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   Σ
+ X } < t

 = 

 

1

 

∫

∫

  

= T + 1 − 
Z(µT, γ) 

µ 

t−T 

 

1

P max 

≤i≤NT 

{Yi 

∞ 

i 

n=0 

P max 

≤i≤NT 

{Yi + Xi} < t | NT = n

   

P (NT = n) 

     ∞  

 
∫t 

n  
n        
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T
n=0 

Clearly, P max 
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≤i≤NT 
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µ
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{Yi + Xi} < t

   

= 0 
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for t < T 

n

Σ

=0 
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G (z) dz 

j=1 
(j!)γ (n − j)! 

t−T 

G (z) dz 

dt 
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j(j
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ψ)n
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Σ

− 

−j 

(j!)γ (n j)! 
j=1 
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{Yi + Xi} > t
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dt 
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∞ 

= T + P 

T 

max 

1≤i≤NT 

{Yi + Xi} > t

   

dt 

∫∞
 

∞  

 
∫t

 n   
n 


  

Σ 
 

  
Σ (µT e−ψ)j(jψ)n−j  
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This can also be used as a model for insurance claims. Yk is the time for the insurance company to 
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receive the kth claim and Xk is the time the insurance company takes to settle the claim. 
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Σ

Σ 1  

k 

Σ Σ 

Σ 1  
  Σ 

1

k 

Σ Σ 

Σ 1  

Σ  

Σ

1 2 

1 2 
j=1 

1 2 
k=0 l=0 

j=1 

Σ

3.3 Game Model 

Assumptions 

(i) Suppose team A and team B are engaging in a sport competition. 

(ii) The points scored by team A follows a COM-Poisson Thomas process Xt with parameters λ, 

γ1 and ψ1 and the points scored by team B follows a COM-Poisson Thomas process Yt with 

parameters µ, γ2 and ψ2. 

(iii) Assume that the points scored by team A and the points scored by team B are independent. 

(ie)., Xt and Yt are independent. 

(iv) Let T be the duration of the competition. 

The probability of game ties is 

∞ 

P (Game ties) = P (XT = YT ) = P (XT = k, YT = k) 

k=1 

∞ 

= 
Z(λt, γ )Z(µt, γ ) 

  Σk 
(λte−ψ1 )j(jψ1)k−j 

(j!)γ1 (k − j)! 
×

 

 

 
 

The probability of A wins is 

∞   ∞ 

Σ

j=1 

(µte−ψ2 )j(jψ2)k−j 

(j!)γ2 (k − j)! 

P (A wins) = P (XT > YT ) = P (XT = k + l, YT = k) 

k=0 l=0 

∞ 

= 
Z(λt, γ )Z(µt, γ ) 

k+l 
(λte−ψ1 )j (jψ )k+l−j 

(j!)γ1 (k + l − j)! 
×

 

 

 
 

The probability of B wins is 

Σ

j=1 

∞   ∞ 

(µte−ψ2 )j(jψ2)
k−j 

(j!)γ2 (k − j)! 

P (B wins) = P (YT > XT ) = P (YT = k + l, XT = k) 

k=0 l=0 

∞ 

= 
Z(λt, γ )Z(µt, γ ) 

  Σk 
(λte−ψ1 )j(jψ1)k−j 

(j!)γ1 (k − j)! 
×

 

k+l 
(µte−ψ2 )j (jψ2)k+l−j 

(j!)γ2 (k + l − j)! 

 

3.4 System reliability model using shock model approach 

All the assumptions are same as in chapter 2. 

The release time of the system is 
N (t) 

W = X0 + (Xi + Yi) 

i=1 

 

∞ 

 

∞

k=0 j=1 

k=0 l=0 

j=1 

Σ
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1

1 1 2 
a b 

+ 

  µ1 
+ 

µ2 
  

+ ... +
    µ1  

+
  µ2   

   

P (N (t) = k) 


Σ 
 

β   
Σ µjtje−jψ (jψ)k−j 


 

where Xo is test phase time before the first fault direction. 

The expected release time of the system is 

E(W ) = µ P (N (t) = 0) + 

 

(µ  + µ ) +

  µ1 
+ 

µ2 
 
 

 

 
Model 1 

a2 b2 ak−1 bk−1 

Let the test phase time of the system X1 follows exponential distribution with parameter A, the fault 

removal time Y1 follows exponential distribution with parameter B and the number of faults detections 
N (t) follows COM-Poisson Thomas process with parameters µ, γ, ψ where 

1 

E(X1) = 
A

, A > 0 

1 

E(Y1) = 
B

, B > 0 

E[N (t)] = 
µ(1 + ψ)Zµ(µt, γ) 

Z(µt, γ) 

Then 

1 1  

 

  1  Σ
k

 µjtje−jψ (jψ)k−j 

 (
Σk 

 
 

  
    1      1 

)
 

E(W ) = 
A Z(µt, γ) 

+  
Z(µt, γ) 

Model 2 

j=1 
(j!)γ (k − j)! 


 

i=1 Aai−1 
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4 Conclusion 

 
In this paper, COM-Poisson Thomas process is studied and its properties are discussed. Traffic ac- 

cidents and fatalities model, shock model, natural disaster model, game model and system reliability 

models are framed. 
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